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In computational magnetodynamics, surface impedance boundary conditions allow to accurately account for high-frequency flux
components while removing the massive conducting regions from the computation domain. The time-domain approach previously
proposed by the authors relies on the spatial discretisation of a 1-D eddy-current problem by means of dedicated basis functions
derived from the analytical frequency-domain solution. In this paper, these time-domain impedance conditions are combined with a
coarse volume finite-element discretisation of the massive conductors to capture slowly varying flux components. The accuracy of the
hybrid approach can further be improved by introducing a fictitious frequency-dependent conductivity. The method is illustrated
and validated by means of 1-D and 2-D test cases in the frequency and time domain.
Index Terms— Surface-impedance boundary conditions, finite-element methods, magnetodynamics, time-domain analysis
I. INTRODUCTION
SURFACE impedance boundary conditions (SIBCs) arewidely applied in frequency-domain eddy-current prob-
lems. They provide approximate relations between the electro-
magnetic fields at the surface of a massive conducting region,
so that the latter can be removed from the computational
domain and the computational cost is thus greatly reduced.
A necessary condition is that at the considered frequency the
skin depth is sufficiently smaller than the finite depth or the
curvature of the conducting region. Several high-order SIBC
approximations, based on complicated asymptotic expansions,
deal with surface curvature, corners, edges, see e.g. [1], [2].
The few time-domain (TD) extensions proposed to date are
mostly based on Fourier transform techniques [3], [4], [1],
some of which also account for saturation [5], [6]. In [6], the
authors presented a low-order TD SIBC approach based on
the spatial discretisation of a 1-D eddy-current problem by
means of dedicated basis functions derived from its analytical
frequency-domain solution. The number of additional basis
functions depends on a discrete number of frequencies chosen
to cover the working frequency band.
In this paper, the frequency range of this low-order TD
SIBC technique is extended down to DC by introducing a
coarse volume finite element (FE) discretisation of the mas-
sive conducting region and two fictitious frequency-dependent
conductivities, linked to its volume and boundary. The coarse
FE model complements the TD SIBC technique and inherently
accounts for both the curvature and the finite depth of the
conducting domain. Besides this coarse volume mesh is much
easier to generate (and leads to far fewer unknowns) than
the mesh required by a brute force approach, where the skin
depth needs to be fully resolved (e.g. with a highly anisotropic
boundary-layer like mesh). Preliminary results for a basic 1-D
geometry were presented in [7]. The hybrid method is herein
further developed and validated on a 2-D application.
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II. 1-D EDDY-CURRENT PROBLEM
Let us consider a magnetodynamic problem in a semi-
infinite slab Ωm (0 ≤ x ≤ ∞), with the flux density b(x, t)
and the magnetic field h(x, t) parallel to the z-axis, and the
current density j(x, t) and the electric field e(x, t) parallel to
the y-axis. For linear and isotropic media, the constitutive laws
read b = µh and j = σe where the permeability µ (reluctivity
ν = 1/µ) and the conductivity σ are constant scalars. Under
these hypotheses, the 1-D problem is governed by [6]:
∂2xa(x, t) = σµ∂ta(x, t) , a(x =∞, t) = 0 , (1)
with a(x, t) the y−component of the magnetic vector potential
a (b = curl a, j = −∂ta). The uniqueness of a(x, t) is ensured
via the boundary condition at infinity x =∞.
Using complex notation (symbols in bold, imaginary unit
ı =
√−1), the sinusoidal steady-state solution of (1) at
frequency f (pulsation ω = 2pif ), with boundary condition
a(x = 0, t) = aˆ cos(ωt+ φ), can be written as
a(x) = aˆ eıφ e−
1+ı
δ x , (2)
with δ =
√
1/(µσpif) the skin depth and φ an arbitrary
phase angle. This analytical solution allows us to write the
1-D frequency-domain SIBC, i.e.
∂xa
∣∣∣
x=0
= −1 + ı
δ
a(x = 0) , (3)
that relates the tangential components of the electric and
magnetic field, e = −ıωa, h = ν ∂xa, at the surface x = 0
of the conducting region.
More generally, the 3-D classical SIBC impedance reads
Z =
1
σ δ
n× (h× n)
n× e , (4)
with n the outward normal at the boundary. Note that in the
case of an infinitely deep conductor, as supposed above, we
have Z = 1/(1 + ı).
2 COMPUMAG–SYDNEY 2011, NUMERICAL TECHNIQUES II, OC2.2, CMP–564
A. Low-order TD SIBC model
Based on the 1-D analytical solution (2), we choose a num-
ber of exponentially decreasing trigonometric basis functions
that cover the relevant frequency range. A set of n skin depths
δk (frequencies fk), 1 ≤ k ≤ n, are preset for the wished
accuracy and 2n basis functions defined [6]:
αc1(x) = e
−x/δ1 cos(x/δ1) , (5)
αck(x) = e
−x/δk cos(x/δk)− αc1(x) , 2 ≤ k ≤ n , (6)
αsk(x) = e
−x/δk sin(x/δk) , 1 ≤ k ≤ n . (7)
Note that all but the first basis function vanish at the boundary.
The FE discretisation of the variational form of (1) by means
of 2n basis functions αi(x), 0 ≤ x < ∞, 1 ≤ i ≤ 2n, leads
to a system of 2n first-order differential equations [6]:
ν [S][A(t)]+σ [M] ∂t[A(t)] = 0 ,, with the elements of [S]
and [M ] given by
sij =
∫ ∞
0
∂xαi ∂xαj dx , mij =
∫ ∞
0
αi αj dx . (8)
A set of frequencies such that fk+1/fk = 10, k =
1, · · · , n − 1, yields a good accuracy in the interval [f1, fn],
as will be shown in the following sections (with n = 3 and
different values for f1, see e.g. Fig. 3).
B. FE discretisation versus TD SIBC approach
Let us consider a massive conducting 1-D problem with
depth L = 100 mm (0 ≤ x ≤ L), µr = 1 and σ =
60 MS/m, which is uniformly meshed, either coarsely or finely
(∆x = 5 mm or 0.125 mm). Frequency domain solutions are
considered for the frequency range from 1e-1 to 1e7 Hz with
the a−formulation. Three flux patterns obtained with the FE
model are shown in Fig. 1 (2-D representation of the 1-D
model, width 6.25 mm).
10 Hz 100 Hz 1000 Hz
Fig. 1. 1D FE model and flux patterns at 10 Hz, 100 Hz and 1000 Hz (skin
depth equal to 2.05 cm, 0.65 cm and 0.21 cm, respectively).
The complex impedance Z, eq. (4), obtained with the
two FE discretisations, the classical SIBC and the TD SIBC
approach is depicted in Fig. 2. Its real and imaginary parts,
Re(Z) and Im(Z), differ from 1 due to the finite depth L and
the discretisation error. With discrete frequencies f1 = 1e2,
f2 = 1e3 and f3 = 1e4 (Hz), the TD SIBC shows a very
good accuracy in the interval [f1, f3], i.e. Re(Z) and Im(Z)
close to 1, with some overshoot on both sides. Clearly, the
fine and coarse FE models are accurate from 0 Hz up to, say,
1e1 Hz and 1e5 Hz, respectively.
Let us consider now different FE discretisations and differ-
ent intervals for the TD SIBC. The FE models with element
size ∆x = 10, 5, 2.5, 0.125 mm, are accurate up to, say,
1e1, 1e2, 1e3 and 1e6 Hz, respectively (Fig. 3, up). Note in
Fig. 3 (down) the shift in frequency of the TD SIBC curves.
The hybrid approach consists in combining the TD SIBC
approximation with a coarse volume FE mesh of the massive
conducting region for allowing slowly varying flux compo-
nents. Considering these two flux paths in parallel is equivalent
to adding the two respective complex impedances.
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Fig. 2. Real (up) and imaginary (down) parts of the complex impedance Z
vs. frequency.
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Fig. 3. Modulus of the complex impedance Z vs. frequency obtained with
different FE meshes (up) and with TD SIBC approximations (down).
In Fig. 4, the coarse FE model with ∆x=5 mm is combined
with three different TD SIBC models with n = 3. One can
observe that for a given FE discretisation, we can find a
suitable lowest interval frequency for the TD SIBC, f1 = 1e4,
that provides a quite acceptable combination, specially at low
and high frequencies.
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Fig. 4. Real (up) and imaginary (down) parts of the complex impedance
Z vs. frequency. The coarse FE model with ∆x=5 mm is combined with the
TD SIBC approximations in Fig. 3, down.
C. Hybrid approach with frequency dependent conductivity
For further improving the proposed hybrid method, we may
increase the slope of the curves Re(Z) and Im(Z) (see Fig. 2)
for both the FE coarse model and the TD SIBC model. With
that purpose, we introduce two fictitious frequency-dependent
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conductivities to force a quicker drop to zero on the left side
of the interval [f1, fn]. We adopt a conductivity σv for the
coarse FE volume discretisation and conductivity σs for the
TD SIBC surface discretisations:
σv=σ
(
1+
∑
k=1,...
(f/ck)
2k
)
, σs=σ
(
1+
∑
k=1,...
(c′k/f)
2k
)
, (9)
with coefficients ck and c′k properly fitted for chosen polyno-
mial orders. For the sake of simplicity, polynomial expansions
with odd powers are avoided to ensure real conductivity values.
The combination of the coarse FE (with σv) and the TD
SIBC (with σs) in Fig. 5, achieved with the optimised values
c1 = 12.4, c2 = 9.1, c3 = 9.2 and c′1 = 9.4, c
′
2 = 10.5, c
′
3 =
9.4 (in Hz), exhibits an excellent agreement with the reference
FE Z in the frequency range between 0 and 1e4 Hz.
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Fig. 5. Real (up) and imaginary (down) parts of the complex impedance Z
vs. frequency.
These coefficients ck and c′k are fitted by means of a 1-D
eddy-current problem with the suitable material characteristics
and frequency range of the application at hand for further use
in a 2-D or 3-D model.
III. INTEGRATION IN FE MODEL
Let us consider a 3-D bounded domain Ω = Ωc ∪ ΩCc
with conducting and non conducting parts Ωc and ΩCc and
boundary Γ. The TD SIBC method is applied to a massive
sub-domain Ωm of Ωc with boundary Γm. From the classical
a− formulation, it reads [6]:
Find ai, i = 0, · · · , 2n− 1, such that:
(ν curl a0, curl a
′
0)Ω\Ωm + (σ ∂ta0, a
′
0)Ωc\Ωm − (js, a′0)Ωs
+
2n−1∑
0
〈ν si,0 ai, a′0〉Γm +
2n−1∑
0
〈σmi,0 ∂tai, a′0〉Γm = 0 , ∀a′0 ,
2n−1∑
0
〈ν si,j ai, a′j〉Γm +
2n−1∑
0
〈σmi,j ∂tai, a′j〉Γm = 0 ,
∀a′j , j = 1, · · · , 2n− 1 , (10)
where (· , ·)Ω and 〈· , ·〉Γ are the integrals on the domain
Ω and the boundary Γ, respectively, of the product of the
two arguments. The scalar values si,j and mi,j can be pre-
calculated by (8). At the discrete level, a0 is discretised in
Ω\Ωm, and ai, i = 1, ..., 2n − 1 are discretised in Γm with
e.g. Whitney nodal elements.
The hybrid FE–SIBC approach adds unknowns at Γm, that
are combined with the unknowns in the volume by means of
a layer of elements Ωl ⊂ ΩCc that touches Γm. The system of
coupled equations reads:
Find ai, i = 0, · · · , 2n, such that:
(ν curl a0, curl a
′
0)Ω + (σ ∂ta0, a
′
0)Ωc + (ν curl a1, curl a
′
0)Ωl
= (j
s
, a′0)Ωs ,∀a′0 ,
(ν curl a0, curl a
′
1)Ωl + (ν curl a1, curl a
′
1)Ωl
+
2n∑
1
〈ν si,1 ai, a′1〉Γm +
2n∑
1
〈σmi,1 ∂tai, a′1〉Γm = 0 , ∀a′1 ,
2n∑
1
〈ν si,j ai, a′j〉Γm +
2n∑
1
〈σmi,j ∂tai, a′j〉Γm = 0 ,
∀a′j , j = 2, · · · , 2n . (11)
At the discrete level, a0 is discretised in Ω¯, and the ai, i =
1, ..., 2n are discretised in Γm with Whitney nodal elements.
In the frequency domain, the fictitious conductivities σv,s
(9) can be straightforwardly incorporated in (11). In the time
domain, we take into account the relation between ∂t and f ,
i.e. ∂t  ı2pif :
σv∂ta0 = σ
(
∂ta0 +
∑
k=1,2,···
(−1)k/(2pick)2k∂2kt a0
)
, (12)
σs∂tai = σ
(
∂tai +
∑
k=1,2,···
(−1)k(2pic′k)2k∂−2kt ai
)
, (13)
where ∂2kt and ∂
−2k
t denote the 2k-th derivative and the 2k-th
integration in time, respectively.
IV. APPLICATION EXAMPLE
The 2-D application example concerns a conducting cylin-
der (radius R = 20 cm; σ = 60 MS/m, µr = 1) inside
an inductor (rectangular cross-section) with imposed current.
Only a quarter of the geometry is modelled. The classical
FE model with a very fine discretisation of the cylinder near
its surface (40 layers of progressively thinner quadrangles,
Fig. 6 right) provides an accurate reference solution for very
small δ/R ratios. When applying SIBC techniques, only the
mesh outside the cylinder is effectively considered. The hybrid
approach requires an additional coarse volume discretisation.
The surface of the cylinder is in all cases discretised with 30
elements of ∼ 1 cm (Fig. 6).
Fig. 6. Flux pattern at 100 Hz, 2-D fine and coarse FE meshes(left). Zoom
of mesh near surface (right).
All the approaches have first been compared in the
frequency-domain with an imposed sinusoidal current at fre-
quency ranging from 1e-2 to 1e5 Hz. We adopt a low-order
approximation of the TD SIBC with n = 3, f1 = 1e2 and
fk+1/fk = 10. We apply the hybrid approach with optimised
frequency-dependent conductivity (Section II-C).
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The complex impedance Z (real and imaginary parts) as
a function of frequency is shown in Fig. 7, for the reference
FE mesh, a coarse mesh, the classical SIBC and TD SIBC
approximations, and the hybrid approach. The finite depth
and curvature are not taken into account at low frequencies
by the classical SIBC are properly captured by the proposed
hybrid approach. The inductance of the source (normalised by
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Fig. 7. Real (up) and imaginary (down) parts of the complex impedance Z
vs. frequency.
its value at 0 Hz) is shown in Fig. 8. The hybrid approach
proves accurate when the classical SIBC, the TD SIBC and
the coarse FE are not. The real and imaginary part of the
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Fig. 8. Real and imaginary part of normalised inductance vs. frequency.
inductance of the source (normalised by its value at 0 Hz) is
shown in Fig. 8. The hybrid approach proves accurate when
the TD SIBC and the coarse FE are not.
A trapezoidal current varying between 0 and 1 at frequency
100 Hz is next imposed (Fig. 9). A period T = 1/f = 10 ms is
discretised with a θ-scheme and time step ∆t = T/240. Time-
domain results are given for e.g. the fourth period. The flux
linkage of the inductor is shown in Fig. 9 for the reference FE
model, the TD SIBC and hybrid approaches. While the TD
SIBC is not able to capture the DC component, the hybrid
approach is. An excellent agreement with the reference FE
solution is observed. The magnetic energy and the joule losses
in the cylinder are calculated as well and depicted in Fig. 10.
A very good agreement between the hybrid and the reference
FE results is observed.
V. CONCLUSION
A low-order time-domain SIBC technique has been com-
bined with a coarse FE discretisation of the massive conduct-
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Fig. 9. Normalised magnetic flux vs. time. Trapezoidal imposed current.
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Fig. 10. Joule losses (up) and magnetic energy (down) vs. time.
ing region in order to capture the slowly varying flux compo-
nents and accounting for the finite depth and curvature effects.
The hybridisation has been further improved by introducing
two fictitious conductivities. The effectiveness of the hybrid
FE-TD SIBC has been demonstrated with frequency and time-
domain results. Further work concerns the study of a real 3-D
application.
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